Contents

Preface v

Nederlandse Samenvatting vii

Contents xxxix

Notations and Abbreviations xliii

List of Figures xlv

List of Tables xlix

1 Introduction 1 1.1 Overview of Wavelet Research . . . . . . . . . . . . . . . . . . . 1 1.2 Overview of the Thesis . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 Situation of the Research . . . . . . . . . . . . . . . . . . . . . . 3

2 Wavelets 5 2.1 What are Wavelets? . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Why wavelets? . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.3 Wavelets and Multi-Resolution Analysis . . . . . . . . . . . . . . 6 2.3.1 Multi-Resolution Analysis . . . . . . . . . . . . . . . . . 6 2.3.2 Wavelet Functions . . . . . . . . . . . . . . . . . . . . . 7 2.3.3 The Fast Wavelet Transform (FWT) . . . . . . . . . . . . 8 2.3.4 Orthogonal Wavelets . . . . . . . . . . . . . . . . . . . . 9 2.3.5 Biorthogonal Wavelets . . . . . . . . . . . . . . . . . . . 10 2.3.6 The Wavelet Decomposition Tree . . . . . . . . . . . . . 11 2.3.7 Higher Dimensions . . . . . . . . . . . . . . . . . . . . . 12 2.4 The Wavelet Transform and Translation Invariance . . . . . . . . 13 2.5 The Redundant Wavelet Transform . . . . . . . . . . . . . . . . . 13 2.6 Wavelet Packets . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

xxxix xl CONTENTS

3 The Lifting Scheme 19 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.2 Predict and Update . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.2.1 The Inverse Transform . . . . . . . . . . . . . . . . . . . 21 3.2.2 Example: Linear Prediction . . . . . . . . . . . . . . . . 21 3.2.3 Flexibility . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.3 Unifying the Two Paradigms . . . . . . . . . . . . . . . . . . . . 22 3.3.1 The Filter Bank Algorithm . . . . . . . . . . . . . . . . . 22 3.3.2 Polyphase Representations . . . . . . . . . . . . . . . . . 23 3.3.3 Primal and Dual Lifting . . . . . . . . . . . . . . . . . . 25 3.3.4 Decomposition into Lifting Steps . . . . . . . . . . . . . 26 3.3.5 Advantages of the Lifting Scheme . . . . . . . . . . . . . 28 3.4 The Integer Wavelet Transform . . . . . . . . . . . . . . . . . . . 29 3.4.1 Integer Transforms . . . . . . . . . . . . . . . . . . . . . 30 3.4.2 Rational Lifting Coefficients . . . . . . . . . . . . . . . . 30 3.4.3 Normalization . . . . . . . . . . . . . . . . . . . . . . . 33 3.5 Boundary Treatment . . . . . . . . . . . . . . . . . . . . . . . . 33 3.5.1 Classical Extension Methods . . . . . . . . . . . . . . . . 33 3.5.2 Signal Extension with Lifting . . . . . . . . . . . . . . . 36 3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Wavelet-Based Image Processing 39 4.1 Digital Images . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.1.1 Discretization . . . . . . . . . . . . . . . . . . . . . . . . 39 4.1.2 Quantization . . . . . . . . . . . . . . . . . . . . . . . . 40 4.1.3 Color images . . . . . . . . . . . . . . . . . . . . . . . . 40 4.1.4 Generalization . . . . . . . . . . . . . . . . . . . . . . . 41 4.1.5 L^∗a^∗b^∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.2 Wavelet Denoising . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.2.1 Thresholding . . . . . . . . . . . . . . . . . . . . . . . . 41 4.2.2 Threshold selection . . . . . . . . . . . . . . . . . . . . . 42 4.2.3 Integer Minimization Problem . . . . . . . . . . . . . . . 43 4.3 Image Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.4 Crop and Merge . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.5 Image Compression . . . . . . . . . . . . . . . . . . . . . . . . . 47 4.5.1 Why Compression? . . . . . . . . . . . . . . . . . . . . . 47 4.5.2 Compression Techniques . . . . . . . . . . . . . . . . . . 48 4.5.3 Features of Image Compression using Wavelets . . . . . . 50 4.5.4 Zerotree Encoding . . . . . . . . . . . . . . . . . . . . . 50 4.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 xli

5 Design of the Software Library WAILI 53 5.1 Design Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 5.2 WAILI: Wavelets with Integer Lifting . . . . . . . . . . . . . . . 54 5.2.1 The Lifting Scheme . . . . . . . . . . . . . . . . . . . . . 54 5.2.2 Cohen-Daubechies-Feauveau Biorthogonal Wavelets . . . 54 5.2.3 Image Size Constraints . . . . . . . . . . . . . . . . . . . 55 5.2.4 Images and Wavelet Transforms . . . . . . . . . . . . . . 56 5.3 Wavelet-Based Operations . . . . . . . . . . . . . . . . . . . . . 58 5.3.1 Crop and Merge on Wavelet-Transformed Images . . . . . 58 5.3.2 Scaling of Images . . . . . . . . . . . . . . . . . . . . . . 59 5.3.3 Noise Reduction . . . . . . . . . . . . . . . . . . . . . . 59 5.4 Implementation Issues . . . . . . . . . . . . . . . . . . . . . . . 60 5.4.1 In-Place Transform . . . . . . . . . . . . . . . . . . . . . 60 5.4.2 The Two-Dimensional Wavelet Transform: Mallat Ordering 60 5.4.3 Transform Order . . . . . . . . . . . . . . . . . . . . . . 61 5.4.4 Normalization of the Wavelet Coefficients . . . . . . . . . 62 5.5 Summary of the Functionality of WAILI . . . . . . . . . . . . . . 64 5.6 Evaluation of the Compression Potential . . . . . . . . . . . . . . 64 5.6.1 Description of the Compression Method . . . . . . . . . . 65 5.6.2 Measure of the Compression Rate . . . . . . . . . . . . . 65 5.6.3 Measure of the Image Quality . . . . . . . . . . . . . . . 65 5.6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 5.7 Comparison with Other Wavelet Software . . . . . . . . . . . . . 68

6 Large-Scale Image Processing 69 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 6.2 Very Large Images and Tiling . . . . . . . . . . . . . . . . . . . . 69 6.2.1 Tiling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 6.2.2 Block Management . . . . . . . . . . . . . . . . . . . . . 72 6.2.3 Implementation in WAILI . . . . . . . . . . . . . . . . . 72 6.3 Image Processing on Tiled Images . . . . . . . . . . . . . . . . . 73 6.3.1 Block-Based Denoising . . . . . . . . . . . . . . . . . . 73 6.3.2 Image Compression . . . . . . . . . . . . . . . . . . . . 74 6.3.3 Crop and Merge . . . . . . . . . . . . . . . . . . . . . . 74 6.3.4 A GIS Application . . . . . . . . . . . . . . . . . . . . . 74 6.4 Transform Results . . . . . . . . . . . . . . . . . . . . . . . . . . 75 6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

7 The Red-Black Wavelet Transform 79 7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 7.2 The Red-Black Wavelet Transform . . . . . . . . . . . . . . . . . 80 7.2.1 A Two-Step Method . . . . . . . . . . . . . . . . . . . . 80 7.2.2 Borders . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 xlii CONTENTS

7.2.3 Reordering . . . . . . . . . . . . . . . . . . . . . . . . . 83 7.2.4 Integer Wavelet Transform . . . . . . . . . . . . . . . . . 83 7.2.5 Basis Functions . . . . . . . . . . . . . . . . . . . . . . . 84 7.2.6 Other Members of the Family . . . . . . . . . . . . . . . 84 7.3 Properties of the Red-Black Wavelet Transform . . . . . . . . . . 86 7.4 The Redundant Wavelet Transform . . . . . . . . . . . . . . . . . 87 7.5 Comparison with the CDF (2,2) Tensor Product Wavelets . . . . . 87 7.5.1 Test case 1 . . . . . . . . . . . . . . . . . . . . . . . . . 89 7.5.2 Test case 2 . . . . . . . . . . . . . . . . . . . . . . . . . 89 7.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

8 Experiments with a Wavelet-Based APOD 93 8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 8.2 The Proper Orthogonal Decomposition . . . . . . . . . . . . . . . 94 8.3 The Approximate Proper Orthogonal Decomposition . . . . . . . 96 8.3.1 Theory of Operation . . . . . . . . . . . . . . . . . . . . 96 8.3.2 Decorrelating Transforms . . . . . . . . . . . . . . . . . 97 8.3.3 Decomposition into the Basis of Approximate Eigenmodes 100 8.4 Wavelet Transforms . . . . . . . . . . . . . . . . . . . . . . . . . 101 8.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 8.5.1 Wavelets . . . . . . . . . . . . . . . . . . . . . . . . . . 103 8.5.2 The Dynamical System . . . . . . . . . . . . . . . . . . . 104 8.5.3 Snapshots . . . . . . . . . . . . . . . . . . . . . . . . . . 104 8.5.4 “Strange” Snapshots . . . . . . . . . . . . . . . . . . . . 107 8.5.5 Eigenvalue Distribution . . . . . . . . . . . . . . . . . . . 107 8.5.6 Eigenmodes . . . . . . . . . . . . . . . . . . . . . . . . . 108 8.5.7 Reconstruction of the Snapshots . . . . . . . . . . . . . . 108 8.5.8 Coefficients of the Snapshots in the APOD Basis . . . . . 111 8.5.9 Timings . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 8.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

9 Conclusions and Suggestions for Future Research 119 9.1 Wavelet Transforms . . . . . . . . . . . . . . . . . . . . . . . . . 119 9.2 A Software Library for Wavelet-Based Image Processing . . . . . 120 9.3 Approximate POD using Wavelet Packets . . . . . . . . . . . . . 120 9.4 Suggestions for Future Research . . . . . . . . . . . . . . . . . . 121

Bibliography 123

A Lifting Decompositions 129

B A Simple Image Compression Example using WAILI 137

Index 141

Notations and Abbreviations

List of Symbols

⟨·,·⟩ : inner product | · | : degree of a Laurent polynomial ‖ · ‖ : vector norm ⊕ : direct sum ⊗ : tensor product ▷ : compression ◁ : decompression δ_i : Kronecker delta γ_{j,l} : jth wavelet coefficient at resolution level l λ_{j,l} : jth scaling function coefficient at resolution level l φ(x) : (primal) scaling function ψ(x) : (primal) wavelet function ~φ(x) : dual scaling function ~ψ(x) : dual wavelet function d_i : detail signal g : (primal) high-pass filter h : (primal) low-pass filter ~g : dual high-pass filter ~h : dual low-pass filter L^2 : vector space of square integrable functions in R N : vector space of natural numbers O : big “O” order symbol P (·) : prediction operator R : vector space of real numbers s_i : (coarse representation of a) signal U(·) : update operator V_j : subspace spanned by the (primal) scaling function at resolution level j

xliii xliv NOTATIONS AND ABBREVIATIONS

W_j : subspace spanned by the (primal) wavelet function at resolution level j ~V_j : subspace spanned by the dual scaling function at resolution level j ~W_j : subspace spanned by the dual scaling function at resolution level j X^T : transposition of the matrix X x(z) : z-transform of the signal or filter x Z : vector space of integer numbers

List of Abbreviations

1D : one-dimensional 2D : two-dimensional APOD : Approximate Proper Orthogonal Decomposition CDF : Cohen-Daubechies-Feauveau CPU : Central Processing Unit CWT : Continuous Wavelet Transform DCT : Discrete Cosine Transform DWT : Discrete Wavelet Transform FFT : Fast Fourier Transform FIR : Finite Impulse Response FWT : Fast Wavelet Transform GB : Gigabytes GCV : Generalized Cross Validation GIS : Geographical Information Systems HP : high-pass signal JPEG : Joint Photographic Experts Group KLT : Karhunen-Loève Transform LP : low-pass signal MB : Megabytes PDE : Partial Differential Equation POD : Approximate Proper Orthogonal Decomposition PSNR : Peak Signal to Noise Ratio QMF : Quadrature Mirror Filter RMSE : Root Mean Square Error TB : Terabytes WAILI : Wavelets with Integer Lifting WPT : Wavelet Packet Transform

List of Figures

2.1 The filter bank algorithm for orthogonal wavelets. . . . . . . . . . 9 2.2 Orthogonal scaling function φ(x) and wavelet ψ(x) with 2 vanishing moments, as constructed by Daubechies. . . . . . . . . . . . . 10 2.3 The filter bank algorithm for biorthogonal wavelets. . . . . . . . . 11 2.4 The primal scaling function φ(x) and wavelet ψ(x) for the CDF (2,2) biorthogonal wavelets. . . . . . . . . . . . . . . . . . . . . . . . 11 2.5 The wavelet decomposition tree. . . . . . . . . . . . . . . . . . . 12 2.6 The two-dimensional wavelet transform. . . . . . . . . . . . . . . 13 2.7 Translation invariance of the wavelet transform. . . . . . . . . . . 14 2.8 A wavelet packet decomposition tree. . . . . . . . . . . . . . . . 15 2.9 The two-dimensional wavelet packet decomposition tree. . . . . . 16

3.1 The lifting scheme. . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 The floating point wavelet transform in a compression application. 29 3.3 Graphical representation of the integer Haar wavelet transform. . . 32 3.4 A finite signal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.5 Periodic extension of a finite signal. . . . . . . . . . . . . . . . . 34 3.6 Symmetric extension of a finite signal. . . . . . . . . . . . . . . . 35 3.7 The four cases of symmetric signal extension of a discrete finite signal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.8 The filter bank scheme for the symmetric wavelet transform. . . . 36 3.9 The four cases of symmetric signal extension using lifting. . . . . 37

4.1 Noise reduction by wavelet shrinking. . . . . . . . . . . . . . . . 42 4.2 GCV and mean square error of the result in function of the threshold δ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 4.3 Downscaling of an image using simple subsampling and using wavelet transforms. . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.4 Upscaling of an image using pixel replication and using wavelet transforms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.5 Upscaling of an image with a factor 5 using pixel replication and using a wavelet transform. . . . . . . . . . . . . . . . . . . . . . 47 xlv xlvi LIST OF FIGURES

4.6 General scheme of a lossless image compression algorithm using wavelet transforms. . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.7 Zerotree encoding . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.1 Example of a channel after two transform levels. . . . . . . . . . . 57 5.2 Relations among the major components of WAILI. . . . . . . . . 58 5.3 The two-dimensional wavelet transform. . . . . . . . . . . . . . . 61 5.4 Two steps of the two-dimensional wavelet transform. . . . . . . . 64 5.5 Comparison of compression rate vs. quality of reconstruction for different types of wavelets. . . . . . . . . . . . . . . . . . . . . . 66 5.6 Comparison of compression rate vs. quality of reconstruction for the original input image and two denoised versions. . . . . . . . . 67

6.1 Locality in the space and wavelet domain. . . . . . . . . . . . . . 70 6.2 Division of a subband in blocks. . . . . . . . . . . . . . . . . . . 71 6.3 Subdivision of an image into channels, levels, subbands and blocks. 72 6.4 Design of the large-scale image processing system. . . . . . . . . 73

7.1 Horizontal/vertical lifting in the odd steps: Red-Black. . . . . . . 81 7.2 Diagonal lifting in the even steps: Blue-Yellow. . . . . . . . . . . 82 7.3 Reordering of the interleaved coefficients and multilevel decomposition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 7.4 Graphs of the basis functions for the integer Red-Black wavelet transform. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 7.5 Graphs of the basis functions for the integer Cohen-Daubechies- Feauveau (2,2) tensor product wavelets. . . . . . . . . . . . . . . 88 7.6 Grey scale test images. . . . . . . . . . . . . . . . . . . . . . . . 90 7.7 Three-level wavelet decomposition of the test image . . . . . . . . 90 7.8 Reconstruction of the original image after denoising. . . . . . . . 91

8.1 Schematic overview of the Approximate Proper Orthogonal Decomposition. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 8.2 Bifurcation diagram for the Brusselator model. . . . . . . . . . . 105 8.3 The four sets of input snapshots. . . . . . . . . . . . . . . . . . . 106 8.4 “Strange” input snapshots. . . . . . . . . . . . . . . . . . . . . . 107 8.5 Sum of the eigenvalues vs. number of eigenvalues. . . . . . . . . 108 8.6 The 4 most important eigenmodes for the POD and for the APOD. 109 8.7 The 4 most important eigenmodes for the POD and for the APOD (cont’d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 8.8 First two coefficients of the decomposition of the snapshots into the best basis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 8.9 Maximum error in the coefficients. . . . . . . . . . . . . . . . . . 113 xlvii

8.10 First two coefficients of the decomposition of the “strange” snapshots into the best basis. . . . . . . . . . . . . . . . . . . . . . . . 114 8.11 Maximum absolute error in the coefficients. . . . . . . . . . . . . 115

List of Tables

6.1 Timings for the wavelet transform of an image of size 3584 × 3584. 76

8.1 The snapshots used for testing and their bifurcation parameter values.105 8.2 Mean percentage of energy after reconstruction of the snapshots vs. number of used eigenmodes for different compression rates. . . 111 8.3 Mean percentage of energy after reconstruction of the “strange” snapshots vs. number of used eigenmodes for different compression rates. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 8.4 Computation times for the Approximate Proper Orthogonal Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 8.5 Comparison of the complexity of the various methods. . . . . . . 116

xlix